m 



Microlocal Euler classes and Hochschild 

homology 



(N 

o 

(N 

O 

<D ' Masaki Kashiwara*and Pierre Schapira 

Q' 

(N i March 1, 2013 



Abstract 



< 

We define the notion of a trace kernel on a manifold M. Roughly 
speaking, it is a sheaf on M x M for which the formalism of Hochschild 
homology applies. We associate a microlocal Euler class to such a ker- 
nel, a cohomology class with values in the relative dualizing complex 
J> . of the cotangent bundle T*M over M and we prove that this class is 

^^ | functorial with respect to the composition of kernels. 

qq ■ This generalizes, unifies and simplifies various results of (relative) 

index theorems for constructible sheaves, ^-modules and elliptic pairs. 
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1 Introduction 

Our constructions mainly concern real manifolds, but in order to introduce 
the subject we first consider a complex manifold (X, @x\ Denote by w^? 1 the 
dualizing complex in the category of ^-modules, that is, w^? 1 = fi x [dx], 
where dx is the complex dimension of X and Qx is the sheaf of holomorphic 
forms of degree dx- Denote by && x and uJ^t the direct images of G x and 
ujx^ respectively by the diagonal embedding 5 : IhIxI. It is well-known 
(see in particular [Ca05, CaW07]) that the Hochschild homology of Gx may 
be defined by using the isomorphism 

(1.1) 8.3e>3P{0 x ) ~ R^om ffxxx (G Ax ,co h ^ x ). 

Moreover, if JF is a coherent ^-module and D^JF := Rjfom ff (J^w^? 1 ) 
denotes its dual, there are natural morphisms 

(1.2) Ax -^&M D ff & -> w)£ 
whose composition defines the Hochschild class of &: 

hh^(^) G El^^X-^^Gx)). 

These constructions have been extended when replacing @x with a so-called 
DQ-algebroid stack s^x i n [KS12] (DQ stands for "deformation-quantization") 
One of the main results of loc. cit. is that Hochschild classes are functorial 
with respect to the composition of kernels, a kind of (relative) index theorem 
for coherent DQ-modules. 

On the other hand, the notion of Lagrangian cycles of constructible 
sheaves on real analytic manifolds has been introduced by the first named 
author (see [Ka85]) in order to prove an index theorem for such sheaves, 
after they first appeared in the complex case (see [Ka73] and [McP74]). We 
refer to [KS90, Chap. 9] for a systematic study of Lagrangian cycles and for 
historical comments. Let us briefly recall the construction. 



Consider a real analytic manifold M and let k be a unital commutative 
ring with finite global dimension. Denote by um the (topological) dualizing 
complex of M, that is, ujm = otm [dim M] where orM is the orientation 
sheaf of M and dimM is the dimension. Finally, denote by ttm- T*M — > 
M the cotangent bundle to M. Let A be a conic subanalytic Lagrangian 
subset of T*M. The group of Lagrangian cycles supported by A is given by 
Hl(T*M; ir^u; M ). Denote by D^_ c (k A/ ) the bounded derived category of R- 
constructible sheaves on M. To an object F of this category, one associates 
a Lagrangian cycle supported by SS(F), the microsupport of F. This cycle is 
called the characteristic cycle, or the Lagrangian cycle or else the microlocal 
Euler class of F and is denoted here by fieu M (F). 

In fact, it is possible to treat the microlocal Euler classes of M-constructible 
sheaves on real manifolds similarly as the Hochschild class of coherent sheaves 
on complex manifolds. Denote as above by k-A M and ua m the direct image 
of kjy/ and ojm by the diagonal embedding 5m'- M ^ M x M. Then we have 
an isomorphism 

(1.3) H° a (T*M;it^ujm) - H° A (T*M;nham(k AM ,ou AM )), 

where \ihom is the microlocalization of the functor KJifom. Then fj,eu M (F) 
is obtained as follows. Denote by Dm^ := RJffom (F, com) the dual of F. 
There are natural morphisms 

(1-4) k Atf 4FKD M F4w AM) 

whose composition gives the microlocal Euler class of F. 

In this paper, we construct the microlocal Euler class for a wide class of 
sheaves, including of course the constructible sheaves but also the sheaves of 
holomorphic solutions of coherent ^-modules and, more generally, of ellip- 
tic pairs in the sense of [ScSn94]. To treat such situations, we are led to 
introduce the notion of a trace kernel. 

On a real manifold M (say of class C°°), a trace kernel is the data of 
a triplet (K, u, v) where K is an object of the derived category of sheaves 
D b (k A / xA /) and u,v are morphisms 

(1.5) u:k& M ->K, v.K^-ujam- 

One then naturally defines the microlocal Euler class fieu M (K,u,v) of such 
a kernel, an element of H A (T*M; fihom(k AM , ua m )) where A = SS(if) D 
T A (M x M). By (1.4), a constructible sheaf gives rise to a trace kernel. 



If X is a complex manifold and ^ is a coherent £^x- m odule, we construct 
natural morphisms (over the base ring k = C) 

(1.6) c Ax -> n XxX k> &xxx (^MD D ^) -> w Ax , 

where D^^# denotes the dual of ^# as a ^-module. In other words, one 
naturally associates a trace kernel on X to a coherent ^x- m odule. Moreover, 
we prove that under suitable microlocal conditions, the tensor product of two 
trace kernels is again a trace kernel, and it follows that one can associate a 
trace kernel to an elliptic pair. 

We study trace kernels and their microlocal Euler classes, showing that 
some proofs of [KS12] can be easily adapted to this situation. One of our 
main results is the functoriality of the microlocal Euler classes: the microlocal 
Euler class of the composition K\ o K 2 of two trace kernels is the composition 
of the microlocal Euler classes of K\ and K 2 (see Theorem 6.3 for a precise 
statement). Another essential result (which is far from obvious) is that the 
composition of classes coincides with the composition for it^cum constructed 
in [KS90] via the isomorphism between /i/iom(kA M ,^A M ) and ti^uj m . 

As an application, we recover in a single proof the classical results on 
the index theorem for constructible sheaves (see [KS90, § 9.5]) as well as the 
index theorem for elliptic pairs of [ScSn94], that is, sheaves of generalized 
holomorphic solutions of coherent ^-modules. We also briefly explain how 
to adapt trace kernels to the formalism of the Lefschetz trace formula. 

We call here fj,hom(]<.^ ]sn bOA M ) the microlocal homology of M, and this 
paper shows that, in some sense, the microlocal homology of real manifolds 
plays the same role as the Hochschild homology of complex manifolds. 

To conclude this introduction, let us make a general remark. The cate- 
gory Dj^_ c (kju) of constructible sheaves on a compact real analytic manifold 
M is "proper" in the sense of Kontsevich (that is, Ext finite) but it does 
not admit a Serre functor (in the sense of Bondal-Kapranov) and it is not 
clear whether it is smooth (again in the sense of Kontsevich). However this 
category naturally appears in Mirror Symmetry (see [FLTZ10]) and it would 
be a natural question to try to understand its Hochschild homology in the 
sense of [McC94, Ke99]. We don't know how to compute it, but the above 
construction, with the use of fj,hom(kA M , uja m ) , provides an alternative ap- 
proach of the Hochschild homology of this category. This result is not totally 
surprising if one remembers the formula (see [KS90, Prop. 8.4.14]): 

~D T * M (fj,hom(F, G)) ~ fihom(G, F) <g> 7r^cu M . 



Hence, in some sense, tt^um plays the role of a microlocal Serre functor. 
Note that thanks to Nadler and Zaslow [NZ09], the category D^,_ c (kjv/) is 
equivalent to the Fukaya category of the symplectic manifold T*M, and this 
is another argument to treat sheaves from a microlocal point of view. 

2 A short review on sheaves 

Throughout this paper, a manifold means a real manifold of class C°°. We 
shall mainly follow the notations of [KS90] and use some of the main notions 
introduced there, in particular that of microsupport and the functor \ihom. 

Let M be a manifold. We denote by ttm '■ T*M — > M its cotangent bundle. 
For a submanifold N of M, we denote by T^M the conormal bundle to N. 
In particular, T* M M denotes the zero-section. We set f*M := T*M \ T^M 
and we denote by ttm the restriction of tvm to T*M. If there is no risk of 
confusion, we write simply % and -k instead of ttm an d 7Tm- One denotes by 
a: T*M — > T*M the antipodal map, (x; £) H > (x; — £) and for a subset S of 
T*M, one denotes by S a its image by this map. A set A C T*M is conic if 
it is invariant by the action of M + on T*M. 

Let / : M — > N be a morphism of manifolds. To / one associates as usual 
the maps 



T*M * M x N T*N *- T*N 



(2.1) 




7T A : 



N. 



(Note that in loc. cit. the map fd is denoted by t f'~ 1 -) 

Let A be a closed conic subset of T*N. One says that / is non- characteristic 
for A if the map fd is proper on J" 1 A or, equivalently, /„T 1 A n J d " 1 (T^-M) C 
M x N T* N N. 

Let k be a commutative unital ring with finite global homological di- 
mension. One denotes by k^ the constant sheaf on M with stalk k and by 
D b (kM) the bounded derived category of sheaves of k-modules on M. When 
M is a real analytic manifold, one denotes by D^_ c (k^./) the full triangulated 
subcategory of D b (k M ) consisting of M-constructible objects. 

One denotes by w M the dualizing complex on M and by ujff 1 its dual, that 
is, cuff 1 = W,M'om{u)M^M)- More generally, for a morphism /: M — > N, 
one denotes by ujm/n '■= f l k-N — wm <8> /~ 1 (^ _1 ) the relative dualizing 



complex. Recall that lom ~ or A / [dim M] where otm is the orientation sheaf 
and dimM is the dimension of M. Also recall the natural morphism of 
functors 

(2.2) tOM/N^r 1 ^! 1 - 
We have the duality functors 

D' M F = RJfom (F, k M ) , D M F = RJfom (F, u M ). 

For F G D b (k M ), one denotes by Supp(F) the support of F and by 
SS(.F) its microsupport, a closed IR + -conic co-isotropic subset of T*M. For a 
morphism f:M—>N and G G D b (k7v), one says that / is non-characteristic 
for G if / is non-characteristic for SS(Cr). 

We shall use systematically the functor fxhom, a variant of Sato's microlo- 
calization functor. Recall that for a closed submanifold N of M , there is a 
functor fi N : D b (k A/ ) — >■ D b (k T * A/ ) constructed by Sato (see [SKK73]) and 
for F ± ,F 2 E D b (k A/ ), one defines in [KS90] the functor 

iihom: D b (k A ,) op x D b (k M ) -+ D b (k T , M ), 

/j,hom(Fi, F 2 ) := ii&YLJtifom (q^Fi, q 1 F 2 ) 

where q\ and q 2 are the first and second projection defined on M x M and 
A is the diagonal. This sheaf is supported by T^(M x M) that we identify 
with T*M by the first projection T*(M x M) ~ T*M x T*M -»■ T*M. Note 
that 

(2.3) Supp(///iom(Fi, F 2 )) C SS(Fi) n SS(F 2 ) 

and we have Sato's distinguished triangle, functorial in F\ and F 2 : 

(2. 4) R7Ti nhom(Fx, F2) — >■ Yl-n if ^hom{F 1 ,F 2 ) — > ~R , h*( < n,hom(F\, F 2 )\f, M ) — )• . 

Moreover, we have the isomorphism 

(2.5) R7r^hom(F u F 2 ) ~ RJTom(Fi, F 2 ), 

and, assuming that M is real analytic and F x is M-constructible, the isomor- 
phism 

(2.6) R7r ! /i/iom(F 1 , F 2 ) ~ D^Fi I F 2 . 



In particular, assuming that F 1 is M-constructible and SS^) D SS(F 2 ) C 
T M M, we have the natural isomorphism (see [KS90, Cor 6.4.3]) 

(2.7) D' M Fi I F 2 ^> RJTom (Fi, F 2 ). 

As recalled in the Introduction, assuming that M is real analytic, we have 
the formula (see [KS90, Prop. 8.4.14]): 

(2.8) D T , M (nhom(F 1 , F 2 )) ~ fihom(F 2 , F x ) ® n£w M for F, F 2 e D^. c (k A/ ). 

3 Compositions of kernels 

Notation 3.1. (i) For a manifold M, let S M ' M ->- M X M denote the 
diagonal embedding, and Am the diagonal set of M x M. 

(ii) Let Mi (i = 1,2,3) be manifolds. For short, we write M t j := Mi x Mj 
(1 <i,j< 3), M 123 = Mi x M 2 x M 3 , M 1223 = M x x M 2 x M 2 x M 3 , 
etc. 

(iii) We will often write for short k; instead of k A/l and kA, instead of k^. 
and similarly with %., etc., and with the index i replaced with several 
indices ij, etc. 

(iv) We denote by m, n^, etc. the projection T*M { ->■ M h T*M { j ->■ M^, 
etc. 

(v) We denote by % the projection My — > Mi or the projection M i23 — >■ Mj 
and by g y - the projection M i23 — > M y -. Similarly, we denote by pi the 
projection T*Mij — >■ T*Mj or the projection T*Mi 23 — >■ T*Mj and by 
Pij the projection T*Mi 23 — > T*Mij. 

(vi) We also need to introduce the maps Pja or p^ a , the composition of pj 
or Py and the antipodal map on T*Mj. For example, 

Pi2p((x 1 ,x 2t x 3 ;£i t & i ,£a)) = (xi,x 2 ;£i,-t; 2 ). 
(vii) We let 5 2 : M 123 — >■ M 1223 be the natural diagonal embedding. 



We consider the operation of composition of kernels: 

o : D b (k A/l2 ) x D b (k M23 ) -> D b (k A/l3 ) 
(3.1) (K x , K 2 ) ^ K x o K 2 := Rq 13[ (qi2 K i ® <hl K i) 



Rq m b 2 \K x mK 2 ) 



We will use a variant of o: 



* : D b (k A/l2 ) x D b (k M23 ) -). D b (k Ml3 ) 

(3.2) l 

(#!, tf 2 ) ^K X ^K 2 : = Rg 13 , (ft 1 ^ ® ^ (^ El A' 2 )) . 

We also have wm 123 /Mi 2 23 — ?:T w m7 anc ^ we deduce from (2.2) a morphism 
5^ — > q 2 ojm 2 ®& 2 ■ Using the morphism Rp\ 3 \ — > R.P13* we obtain a natural 
morphism for K\ G D b (k A/l2 ) and K 2 G D b (k A f 23 ): 

(3.3) Kio K 2 -> ATi* K 2 . 

It is an isomorphism if pj^SS^i) np 23 1 a SS(i : C 2 ) — >■ T*M 13 is proper. 

We define the composition of kernels on cotangent bundles (see [KS90, 
Prop. 4.4.11]) 

o : D b (k T * A/l2 ) x D b (k T , M23 ) -► D b (k T * Ml3 ) 
(3-4) (K l7 K 2 ) ^ K^Kz^Bpu&^Kihp^Kz) 

L 

~ Rpi3*\(p 12 «Ki ®P 23a K 2 ). 

We also define the corresponding operations for subsets of cotangent bundles. 
Let A C T*M 12 and B C T*M 23 . We set 

(3.5) AoB = Pl3 (AxB) 

Xi,x 3 ; 6,6) ^ r*M 13 ; there exists (x 2 ;6) € T * M 2 
such that (cci, x 2 ; 6, ~6) e A (^2, x 3 ; 6, 6) £ S 

We have the following result which slightly strengthens Proposition 4.4.11 
of [KS90] in which the composition * is not used. 
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Proposition 3.2. ForG 1 ,F 1 G D b (k Ml2 
canonical morphism: 



a 



andG2,F 2 G D b (k M23 ) there exists 
fj,hom(Gi, Fi) o \ihom{G 2 , F 2 ) — > \ihom{G\ * G 2 , F\ o F 2 ). 

L 

Proof. In Proposition 4.4.8 (i) of loc. cit., one may replace F 2 KI5 G 2 with 

L 

° proof goes exactly as that of Proposi- 

Q.E.D. 



3 [ -{F 2 MG 2 )®uf- x \ Y/XxY 
tion 4.4.11 in loc. cit. 

Remark 3.3. In Proposition 3.2, assume further that 

^ 2 i(SS(G 1 ) n SS(Fi)) npJ 3 1 a(SS(G 2 ) n SS(F 2 )) is proper over T*M 13 . 

Then the following diagram in D b (kA/ 13 ) commutes 

Rjtfom (G x , Fi) o Rjfbm (G 2 , F 2 ) — * Rvr 13 , (ixhom{G u F x ) o fihom(G 2 , F 2 )) 

R7Ti 3 ^ (/i/iom(Gi * G 2 , Fi o F 2 )) 



Rjrom(G 1 oG' 2 ,F 1 oF 2 ^ 



>- R7Ti 3 ^ (/j,hom(Gi o G 2 , F x o F 2 )) 

Note that the top horizontal arrow is defined since we have 
fj,hom(Gi, Fi) o [ihom(G 2 , F 2 ) 

~ R(p 13 c)^ (p^ 2 1 afihom(G 1 , Fi) <g> p 2 ^ a iJ,hom(G 2 , F 2 )) . 

Let Ajj C T*Mij (i = 1,2, j = i + 1) be closed conic subsets and consider 
the condition: 



(3.6) 

We set 
(3.7) 



the projection pi 3 : Ai 2 x A 23 > T*Mi 3 is proper. 

2 



A13 = A 12 o A 23 . 



Corollary 3.4. Assume that A^ (i = l,2,j = i + 1) satisfy (3.6). VFe /ia^e 
a composition morphism 

KT^ 12 fj,hom(Gi, Fi) oRr^ 23 /j,hom(G 2 , F 2 ) —> RT\ 13 fxhom(Gi *G 2 ,Fi oF 2 ). 

Convention 3.5. In (3.1), we have introduced the composition o of kernels 

Ki G D b (k A / 12 ) and K 2 G D b (k A / 23 ). However we shall also use the nota- 
tion M 22 = M 2 x M 2 and consider for example kernels L\ G D b (kMi 22 ) an d 
L 2 G D (kjvf 223 )- Then when writing L\oL 2 we mean that the composition 
is taken with respect to the last variable of M 22 for L\ and the first variable 
for L 2 . In other words, set M 4 = M 2 and consider L\ and L 2 as objects of 
D b (kM 142 ) and D b (kAf 243 ) respectively, in which case the composition L\ o L 2 
is unambiguously defined. 



4 Microfocal homology 

Let M be a real manifold. Recall that 5 m'- M c -> MxM denotes the diagonal 
embedding. We shall identify M with the diagonal Am of M x M and we 
sometimes write A instead of Am if there is no risk of confusion. We shall 
identify T*M with T^(M x M) by the map 

5 a T , M '- T*M^T*(MxM), (x;£)^{x,x;£,-€). 

We denote by kA M , wa m and u;® _1 the direct image by 6m of kjw, % and 
oj m ~ 1 '■ = RJ%?om(u)M, kjw), respectively. 

The next definition is inspired by that of Hochschild homology on complex 
manifolds (see Introduction). 

Definition 4.1. Let A be a closed conic subset of T*M. We set 



^r A (k M ; 

(4.1) MI A (k M ; 

Mii(k M ; 



RT A (S^ M ) l ixhom{\s.£ kM ,u& M ), 

RF(T*M;^Jtf A (k M )), 

ff fc (Mi A (k M )) = H k (T*M;^J^ A (k M ))- 



We call ^^A(kjn) the microlocal homology of M with support in A. 
We also write J^M^Lm) instead of ^Mt*m{^-m)- 
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Remark 4.2. (i) We have fj,hom(k& M ,u)& M ) ~ (^r*M)* 7r Af' w -M'- I n P ar ~ 
ticular, we have Mi A (k M ) ~ Rr A (T*M; ir^u M ) and MH(k Jkf ) ~ 
RT(M; um)- Assuming that M is real analytic and A is a closed conic 
subanalytic Lagrangian subset of T*M, we recover the space of La- 
grangian cycles with support in A as defined in [KS90, §9.3]. 

(ii) The support of fj,hom(k& M , oo Am ) is Tt(M x M). Hence, we have 

RT S ^ M A iihom(k AM ,UA M ) ^ (^, M )*-#^A(k A/ ). 

(iii) If M is real analytic and A is a Lagrangian subanalytic closed conic sub- 
set, then we have H k (^Jj? A (k M )) = for k < (see [KS90, Prop. 9.2.2]). 

In the sequel, we denote by A$ (resp. Ay) the diagonal subset A^ C Ma 
(resp. A MlJ C Mujj). 

Lemma 4.3. We have natural morphisms 

L 

(i) uj Ai2 o (k Aa B ua 3 ) -► Wa 13 , 
(ii) k Al3 -+ k Al2 * (wg- 1 1 k 



22 



^A 3 , 



Proof. Denote by ^2 the diagonal embedding M112233 ^-> Mii 222233 . 
(i) We have the morphisms 



WA12 



L L L 

°(k A2 B WA 3 ) = ^11331^22 ( W Ai 2 E k Aa M U As ) 

~ Rgn 33! a;A 12 3 
->■ w Al8 . 

(ii) The isomorphism 

£ 22 (k Aa Kl wa 2 ) ~ k Aa 
gives rise to the isomorphisms 

kA 12 * K7 1 B k A3 ) = Rg 113 3* (gri33^22 ® 4 (k Al2 m uf- 1 M kAa)) 



L 



R<?ii33*£ 2 2 (k Al K o; Aa E k Aa3 ) 

R9ll33*k Al23 
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and the result follows by adjunction from the morphism 

L L L L 

9u33 k Ai3 - k Al E k 22 El k As ->■ k Al El k Az Kl k Aa = k Al23 . 

Q.E.D. 

Proposition 4.4. Let Mi (i = 1,2,3) be manifolds. We have a natural 
composition morphism: 

(4.2) [ihom(k Al2 ,u Al2 ) o /j,hom(k A23 , oj A23 ) ->■ /i/iom(k Al3 ,w Al3 ). 



In particular, let Ay be a closed conic subset ofT*Mij (ij = 12,13,23). If 
Ai2°A 2 3 C A 13, then we have a morphism 



(4.3) ^r Al2 (k 12 ) o ^jr A23 (k 2 3)^^^r Al3 (ki3). 

Proof. Consider the morphism (see Proposition 3.2 and Convention 3.5) 

fihom(u%~ 1 ,uj%~ 1 )o^hom(k A23 ,u A2;i ) ->■ ^hom^f' 1 * k^cjf" 1 ocj A23 ) 

L L 

~ lihom(u%7 2 1 B k As , k Aa lu As ). 
It induces an isomorphism 

L L 

(4.4) fihom(k A2[il uj A23 ) ~ fihomioj^ 1 Kk Aa ,k A2 lw A3 ). 
Note that this isomorphism is also obtained by 

L L L L 

lihom(k A23 ,u A23 ) ~ fxhom ( (wf _1 El k 233 ) ®k A23 , (wf _1 El k 233 ) <g> u Aa3 ) 

L L 

~ /x/iom(o;| 2 - 1 IEI k As , k Aa 8w A3 ). 
Applying Proposition 3.2, we get a morphism: 
^/iom(k Al2 ,w Al2 )o^/io?Ti(k A23 ,w A23 ) 

(4.5) -> /ifcom(k Al2 * (wf- 1 El k A3 ), w Al2 o (k A2 El u A3 )). 
It remains to apply Lemma 4.3. Q.E.D. 
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Corollary 4.5. Let Ay (i = 1,2, j — % + 1) satisfying (3.6) and /e£ A 13 = 
A120A23. T/ie composition of kernels in (4.3) induces a morphism 

(4.6) o : MI Al2 (k 12 ) I Mi A2 3(k 2 3)^MiA i:t (k 13 ). 
In particular, each X G MH Ai2 (k 12 ) defines a morphism 

(4.7) Ao : MH A23 (k 23 ) -+ MH Al3 (k 13 ). 

Proof. These morphisms follow from (4. 3). The second assertion follows from 
the isomorphism H°(X) ~ Hom Db( - k Jk, X) in the category D b (k). Q.E.D. 

Theorem 4.6. (i) We have the isomorphisms 

(ii) 1/Fe /lave a commutative diagram 

Hhom(k Al2 ,uj Al2 ) o ^/iom(kA 23 ,a;A 2 3) ^ nhom(k Ai:i ,UA 13 ) 



I 



I 



(4.8) 

Here the bottom horizontal arrow is induced by 

Pl2^M 12 UM 12 ®P2i^M 23 a UJ M 23 ^ ^M^M, B 7T^ (w A / 2 ® W Ma ) B TT^Mg 

, L 

^M 2 ( U M 2 ® WAfJ ^ W T . A/2 , 

L L L 



Proof, (i) is obvious. 

(ii) (a) The top vertical arrow of (4.8) is given by 



13 



/i/iom(k Al2 , w Al3 ) o ^/iom(k A23 , w A23 ) 

a L L 

~ yu/iom(k Al2 ,a; Al2 ) o fihom(uf 2 Klk A3 ,k A2 ^u A:i ) 

L L 

->- fihom(k Al2 *(uf; 1 m k Ag ) , w Al2 o(k A2 Kw A3 )) 
-> /i/iom(k Al3 ,u; Al3 ). 

By adjunction, to give a morphism 

a L L 

/ u/tom(k Al2 ,o; Al2 ) o ^/zom(o;f~ 1 Klk A3 ,k A2 Klu; A3 ) ->■ / u/iom(k Al3 , w Al3 ) 
is equivalent to giving a morphism in D b (k T » A f 112233 ) 

L L L 

/ 49 n PnW/^ om ( k A 12 ,w Al2 ) ®P2 23 a 3 aHhorn{uJ%~ Kk A3 ,k Aa Iua 3 ) 

► Pu3»3« (ihom{k Al3 , wai 3 )- 

Note that the left hand side of (4.9) is supported on T Al2a Mi 12233- Hence 
in order to give a morphism (4.9), it is necessary and sufficient to give a 
morphism in D b (k r » Ml23 ) 

(#r*M 123 ) _1 {Pu2-2^hom(k Al2 , w Aia ) 

L L L 

(4.10) ®P22 3 "3"V h ° m (u A ; E k A3 , k A2 Iua 3 )) 

-*■ ( 5 t*m 123 ) ! Wi3«3- /i/tom(k Al3 ,o; Al3 ). 
On the other hand, we have isomorphisms in D b (k^*^f 123 ) 
( 5 t*m 123 ) _1 (puw'M™(kA 12 , w Aia ) 

L L L 

®P223-3"/ i/i0m ( W A 2 ~ 1 E k A 3 , k A2 H Was)) 

- Pn^M 12 u M12 ® PwirMnaUMn 
L L L 

- %! W Mi ^ TJif 3 ( w Afa ® w A/ 2 ) B 7T^ 3 0;m3 
L L 

L 

- PlS^^A/^A/i ^ *M 3 W M 3 ) 

- (#r*M 123 ) ! :Pii3«3« /i/iom(k Al3 , CJ Al3 ). 
14 



(4.11 



We shall show that (4.10) is induced by (4.11). 

(ii) (b) Both sides of (4.10) are concentrated at the degree —dim Mi — 
2dimM 2 — dimM 3 . Let us take Xq G M 2 , and an open ball V centered 
at Xo (in a local coordinate system of M 2 ). Then we have morphisms in 

D b (k Mll22 ) 

L L 

(4 12) Vl : L>1 := UAl ^ k {( x o,a;o)} -^ L i := WAi E Ua 2 , 

^ : K x : = k Al E k A2 ->■ #{ := k Al El (k F E (k F ® % 2 )) . 
They induce a morphism 

/ L L L 

/j,hom[k Al E (k F K (k F ®WAf 2 ))>^Ai ^k {(l0il|) )} 

— >■ /j,hom(k Al El k Aa ,u; Al El o> A2 ). 

Let ji be the closed embedding T*Mn — > T*M\\22 induced by {(xo,xo)} — >■ 
T*M 22 . Then the support of the left hand side of (4.13) is contained in the 
image of ji, and (4.13) induces an isomorphism 

/ L L L 

ji nhom\k Al El (k F E (ky ®lom 2 )),^a 1 Mk^ XOtXo )y 

L ' L 

^ jlfihom(k Al Ek A2 ,w Al Ew A2 ). 
Similarly, we have morphisms in D b (kM 22 3 3 ) 

L L 

1 <p 2 : L' 2 := k VxV El uj A3 -> L 2 := k Aa lu A3 , 

^ 2 : X 2 := cjf- 1 El k A3 -> X 2 := (k^,^} I w®; 1 ) El k Aa 
which induce a morphism 

L L L 

/ 4 15 n ^((k{(, 0|I o)} ® wf ~ ) K k Aa , ky x y B w A3 ) 

->■ fihomiuf- 1 E k As , k A2 E w Aa ) 

Let j3 be the embedding T*M 33 > T*M 2 233 induced by {(xo, xo)} — > T*M 2 2- 

Then the support of the left hand side of (4.15) is contained in the image of 
js, and (4.15) induces an isomorphism 

L L L 

jz 1 fihom((k {{X(hXo)} ® w| 2 _1 ) E k Aa , k v - xV - E ^a 3 ) 

^> jl/ihomiuf; 1 E k A3 , k A2 E WAs ). 

15 



On the other hand V'i and ^2 induce the chain of morphisms whose com- 
position is an isomorphism 



k Al3 -V kA^K^Kk^) 

k Al H (ky®(ky®U M2 ))) * ((k{(*0,Z0)} ®^A 2 _1 ) ^k Ag 



->■ 
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Similarly y?i and <£>2 induce the chain of morphisms whose composition is 
an isomorphism 

L L L L 

(w Al E ki^o^o)}) °( k vxv B w A3 ) -> (w Al E w Aa ) o (k Aa B w Aa ) -> w Al3 . 
Thus we obtain a commutative diagram 



p 1 ^ 2 a 2a nhom{K' 1 , L[) ®p 223 a 3a nhom{K' 2 , L' 2 ) — >■ ■p l ^a 2 a^hom(K u L t ) ®p 22 \ a3 a^hom(K 2 , L 2 ) 



p[ 13 « 3a )xhom(K[ * A^, L; o L' 2 ) 



p[ 13a3a fihom(K[ o K 2 , L\ a L' 2 ) 



■p[ 13 a 3 afJ,hom(Ki * A' 2) Li o L 2 ) 



-Pi 13 «3„^/iom(k Al3 ,w Al 




On the other hand, Remark 3.3 gives a commutative diagram: 



f^RJfom (K[, L[) <g> f 2 x RJf?om (K' 2 , L' 2 ) 



p 112 a 2 afJ>hom(K 1 , Li) g) p 223 a 3 afJ l hom(K 2 , L 2 ) 



p[ U a 3 atihom(K[ o £T 2 , L; o L' 2 ) 



'■*• Pll3-3-/ i/i0m (k A i 3 , <^Ai 



Here /1 (resp. / 2 ) is the projection from TW112233 to M1122 (resp. M 22 33)- 
We shall identify fihom(K 1 , L\) with {$t*Mi^)*' k 'm 12 (jJ m 1 2-> nhom(K 2) L 2 ) with 
( 5 T*M 23 )* 7r M23 a; Af23 ) iu/iom(k Al3 ,w Al3 ) with (5t*m 13 )* 7I 'm 1 1 3 W Mi3 ) R^om(ir{,Li) 

L L ] L L 

witha; Al K(k {(:r0i;Co)} (g)^ 2 ) imdRJ$?om(K 2 ,L 2 ) with (k^^tgiu^jKu;^. 
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Then we have a diagram in D b (k/r*jvf 112233 ) 

L L 

((^il/J*^ WaJ B ((^T*A/ 2 )* k {(^,^o)}) B ((^Ms)*^ W A 3 ) 



(4.16) 



(^m^Ws^a^u^Eu^ 



L L 

{( § T*M 1 )*^l 1 ^^l) ^Wr*M 22 ^ ((^T*M 3 )* 7r 3 _lw A 3 ) 

Here 77 is the canonical morphism. Then a morphism £ such that the diagram 
(4.16) is commutative for any x G M 2 is unique and it coincides with the 
bottom horizontal arrow in (4.8). Q.E.D. 



Remark 4.7. Theorem 4.6 may be applied as follows. Let A^ be a closed 
conic subset of T*My (i = 1.2, j = i + 1). Assume (3.6), that is, the 

a a 

projection p 13 : A 12 x A 2 3 >T*Mi 3 is proper and set A 13 = A 12 o A 23 . Let 

2 2 

Xij G MH° (k M J ^ #? .(TW^Tr-Vi). Then 



(4.17) 



Al2 O A 2 3 



Ai 2 U A 2 3 



T*M 2 



where the right hand-side is obtained as follows. Set A := A 12 x A 23 and 

2 
consider the morphisms 

H A jT*M 12 ;n~ l u 12 ) x H° A JT*M 23 ; <k~ 1 u 23 ) 

-> H° A (T*M 123 ; tTV B u; t »a/ 2 B tt" 1 ^) 
-^^(T'M^tTW 

The first morphism is the cup product and the second one is the integration 
morphism with respect to T*M 2 . 

5 Microlocal Euler classes of trace kernels 

In this section, we often write A instead of Am- 
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Definition 5.1. A trace kernel (K, u, v) on M is the data of K £ D b (kjv/ X Af ) 
together with morphisms 

(5.1) ]<a — > K and K — > wa- 

In the sequel, as far as there is no risk of confusion, we simply write K 
instead of (K, u, v). 

For a trace kernel K as above, we set 

(5.2) SS A (K) := SS{K) n T* A {M x M) = (S^^SSiK). 

(Recall that one often identifies T*M and T* A (M x M) by 6%* M : T*M <->■ 
T*M x T*M.) 

Definition 5.2. Let (K,u,v) be a trace kernel. 

(a) The morphism u defines an element u in Hg S , K JT*M; fj,hom(k.A, K)) 
and the microlocal Euler class ne\x M {K) of K is the image of u by 
the morphism fihom(k.A,K) — > /jhom(\c.A, wa) associated with the mor- 
phism i>. 

(b) Let A be a closed conic subset of T*M containing SSa(^)- One denotes 
by fieu A (K) the image of u in Hl(T*M; fj,hom(kA,u)A))- 

Hence, 

(5.3) Meu A (#) £ MH° (k M ) ^ ^(T*M; vr" 1 ^,). 

Let v be the element of H§ s , K -,(T*M; fj,hom(K, uja)) induced by v. Then 
the microlocal Euler class fj,eu M (K) of K coincides with the image of v by the 
morphism fj,hom(K,cuA M ) ~~ >" ^hom(\i.A^A) associated with the morphism 
u, which can be easily seen by the commutative diagram: 



($t*m) 1 /J<hom(K, K) — ^— »» (5£*m) 1 fihom(K, u>a] 



($t*m) 1 ^hom(kA,K)^ L ^(5^* M ) 1 /jhom(kA,uJA)- 

One denotes by eu(K) the restriction of fj,eu(K) to the zero-section M of 
T*M and calls it the Euler class of K. Hence 

(5.4) eu M (K) £ Hi npp{K)nA (M; u M ). 
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It is nothing but the class induced by the composition Ica m — > K — >■ u^ M . 
We say that L G D b (kjv/) is invertible if L is locally isomorphic to k^/frf] for 

some d G Z. Then, L® -1 := RJffom (L, k^) is also invertible and L <g) L®^ 1 ~ 
k M - 

Proposition 5.3. Lei L be an invertible object in D b (kA/) and K a trace 

l l l l 

fterne/. Then K®(LM L®~ 1 ) is a trace kernel and fien(K ®(LB L®" 1 )) = 

/j,eu(K). 

L 

Proof. L IE L® -1 is canonically isomorphic to k^xM o n a neighborhood of 
the diagonal set A M ofMxM. Q.E.D. 

Remark 5.4. Of course, we could also have defined a trace kernel as a 
sequence of morphisms 



(5.5) <"/ -». Jv -> k 



a 



M ■ 



When treating sheaves, both definition would give the same microlocal Euler 

_ L 

class by taking if = if ®(kjy Klcjjvf). However, when working with ^-modules 
or with DQ-modules as in [KS12], the two constructions give different classes. 
Note that we have chosen an analogue of (5.5) in [KS12]. 

Trace kernels for constructive sheaves 

Let us denote by D b c (kjv/) the full triangulated subcategory of D b (kjv/) con- 
sisting of cohomologically constructible sheaves (see [KS90, § 3.4]). 

Lemma 5.5. Let F G D b c (kjv/). There are natural morphisms in D b c (kj\/ X jv/).' 

(5.6) k AM ^Fkl) M F, 

(5.7) FhD M F^UA M . 

In other words, an object F G D b c (kA./) defines naturally a trace kernel 
on M. 

Proof, (i) We have 

k M -> RJ^om(F,F) ~ 5 l (FED M F). 
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Hence, the result follows by adjunction. 

(ii) The morphism (5.7) may be deduced from (5.6) by duality, or by adjunc- 
tion from the morphism 

Q.E.D. 
Notation 5.6. We shall denote by TK(F) the trace kernel associated with 

L 

F E Dj? c (k M ), that is the data of F M D M F and the morphisms (5.6), (5.7). 
Note that we have always SSa(TK(F)) C SS(F) and the equality holds if M 
is real analytic and F is M-constructible. 

We have the chain of morphisms 

fiham(F,F) ~ (#^ M )"V^om(k A , p B DF) 
-^ ($t*m)~ ^hom(k A ,u A ). 
We deduce the map 

(5.8) Hl s(F) (T*M; ^ham(F, F)) -> MH° s(F) (k M ). 

Definition 5.7. Let F £ Dj? c (k M ). The image of id^ by the map (5.8) is 
called the microlocal Euler class of F and is denoted by fieu M (F). 

Clearly, one has 

(5.9) /ieu M (F) = /ieu M (TK(F)). 

Assume M is real analytic and denote by D^_ c (k M ) the full triangulated 
subcategory of D b (kj\/) consisting of M-constructible complexes. Of course, 
M-constructible complexes are cohomologically constructible. In [KS90, § 9.4] 
the microlocal Euler class of an object F £ D^_ c (kj\/) is constructed as above 
and this class is also called the characteristic cycle, or else, the Lagrangian 
cycle, of F. 

Remark 5.8. Let (K, u, v) be a trace kernel on M. Let 5: M — > M x M be 
the diagonal embedding. Then u and v decompose as 

kA M ->■ 5 J 1 K ->■ K ->■ 6*6~ l K ->> uj Am . 

Hence 5*5 ' K and 5*5~ l K are also trace kernels. We have evidently 

/ieu M (5*5' K^ = /j,eu M (8*5~ 1 K') = fj,eu M (K) as elements in MH^. M (kji,/] 
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Trace kernels over one point 

Let us consider the particular case where M is a single point, M — pt, and 
let us identify a sheaf over pt with a k-module. In this situation, a trace 
kernel (K, u, v) is the data of K G D b (k) together with linear maps 

k U TJ- V 1 

->■ if ->• k. 

The (microlocal) Euler class eu pt (-ftr) of this kernel is the image of 1 e k by 
tiou. 

Assume now that k is a field and denote by D^(k) the full triangulated 
subcategory of D b (k) consisting of objects with finite-dimensional cohomolo- 
gies. Let V G D b (k) and set V* = RHom (V, k). Let K = TK(V) = V <g> V*, 
and let w be the trace morphism and u its dual. Then 



(a) eu p t{V <S> V*) = tr(idy), the trace of the identity of V. 

(5.10) (b) If k has characteristic zero, then 

eu p t(V ®V*) = x(y), the Euler-Poincare index of V. 

Trace kernels for ^-modules 

In this subsection, we denote by X a complex manifold of complex dimension 
dx and the base ring k is the field C. We denote by G x the structure sheaf 
and by Qx the sheaf of holomorphic forms of maximal degree. We still 
denote by u)x the topological dualizing complex and recall the isomorphism 
u x ^Cx[2d x ]. 

One denotes by Six the sheaf of Cx-algebras of (finite order) holomorphic 
differential operators on X and refers to [Ka03] for a detailed exposition of 
the theory of ^-modules. We denote by Mod(^x) the category of left & x - 
modules and by D h (Sx) its bounded derived category. We also denote by 
Mod co h(^x) the abelian category of coherent ^^-modules and by D^ oh (S x ) 
the full triangulated subcategory of D h (Sx) consisting of objects with coher- 
ent cohomologies. 

We denote by D 9 : D h (S x ) op -> D b (S x ) the duality functor for left ®- 
modules: 

Ti 9 JC : = Rjtfom CJx (Jt,S x ) ® ffx V x [d x ] ■ 
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We denote by »M* the external product for ^-modules: 

L 

°J X W3 X 

Let A be the diagonal of X x X. The left ^xxx-module H?£(0 X xx) (the 
algebraic cohomology with support in A) is denoted as usual by SS A . Note 
that 

One shall be aware that here, the dual is taken over X x X. We also introduce 

&l'.= & A [2d x ]. 
For ^# G Dj? oh (^x), we have the isomorphism 

We deduce the morphism in D h (@ XxX ) 

(5.11) ^ A ->• ^BD^ [d x ] 
and by duality, the morphism in D h (@ XxX ) 

(5.12) J£W) 9 Jl [d x ] ->■ SS\- 

Denote by S x the sheaf on T*X of microdifferential operators of [SKK73]. 
For a coherent ^x-module jtft set 

Jt E ■= g x ®^ l6Jx TX^Jt 

and recall that, denoting by char(^#) the characteristic variety of ^#, we 
have char(^#) = Supp(^# £ '). One also sets 

We denote by D^ : D b (^ x ) op -► D b (cf x ) the duality functor for left <f -modules: 
YigJt := RJ^omg AJC, £ x ) ®^i# x 7r _1 fiJ~ [d x ] 
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and we denote by «K* the external product for $ -modules: 

L 

The morphisms (5.11) and (5.12) give rise to the morphisms 

(5.13) ^ A -> j£ E MPgJZ E [dx] ->■ «a- 
Let A be a closed conic subset of T*X. One sets 

J?Jf A (g x ) = Rr A (T*X; JtifJ^Sx)), 

WH k A {g x ) = H k (je#? A (£ x )) = H k A {T*X;,j^J^{<g x )). 

We call M'M'tX$x) the Hochschild homology of S x with support in A. 
The morphisms in (5.13) define a class 

(5.14) hh^(^) G HH° har( ^(^) 

that we call the Hochschild class of ^#. 

Let S be a closed subset of X. By restricting to the zero-section X of 
T*X the above construction, we obtain the Hochschild homology of 3> x : 

M>M{$ X ) = (5 x )" 1 R^ m 5 , xxx (^ A ,^X)-^^(^)U, 

MU S ($> X ) = RTs(X;J?J?(3> x )), 

HH. k (@ x ) = H k {WM s {9) x )) = H k {X ] M>M{® x )). 

Then, to Jt G D\ oh (S> x ) one obtain 

hh^(^) :=hh^)U G eH° Supp( ^(^). 

We shall make a link between the Hochschild class of ^# and the mi- 
crolocal Euler class of a trace kernel attached to the sheaves of holomorphic 
solutions of jtft . We need a lemma. 

Lemma 5.9. For jV\ and jV 2 in D^ oh (^x)> there exists a natural morphism 

(5.15) RM'om^J/^ ,^ E ) ->■ nhom{n x <S> & <A.Mx ® CJx ^2). 
Moreover, this morphism is compatible with the composition 

RM'am s {Jff,Jf 2 E )®RJ% , om s {Jf 2 E ,Jf z E ) -> RJfbm # (^,^), 
fj,hom(Fi, F 2 ) <g) ^hom(F 2 , F 3 ) — > /j,hom(Fi, F 3 ). 
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Proof. We have the natural morphism in D b (7r l S l x ® tt l S ! x ? ) ( see [KS85, 
Prop. 10.6.2]) 

$x —* nhom(Qx,Qx)- 
This gives rise to the morphisms 



L L 

lihom(tt x ® 0Jx <yK, &x ® OJx ^2)- 



Q.E.D. 



We have 



^XxX | 


:-dx] 


L 

®* <^A 


rvj 


&XxX | 


-dx] 




f^^ 



00 A- 



Applying Lemma 5.9, one deduces the morphisms 

~ {ihom(CA, wa). 

An easy calculation shows that the first arrow is also an isomorphism. There- 
fore, we get the isomorphism 

(5.16) JTJ^<f x ) ^ jm{Cx). 

Recall that the Hochschild homology of S'x has been already calculated 
in [BG87]. 

L 

Applying the functor Vt Xx x [~dx\ ®g ' to (5.11) and (5.12) we get 
the morphisms 

(5.17) C A -► n X xx®oj XxX (^W>®^) -> wa. 

Notation 5.10. For ^# G Dj? oh (^ x ), we denote by TK(^#) the trace kernel 
given by (5.17). 
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Since char(>f) = SS(RJ^am 9x {Jt , X )) by [KS90, Th. 11.3.3], we get 
that /ieu Af (TK(^#)) is supported by char(^), the characteristic variety of 

Proposition 5.11. After identifying J# 7 J€((%'x) and ^J0fCx) by the iso- 
morphism (5.16), we have hh^(^#) = yueu x (TK (./#)) in HH° har ^) (Cy) ■ 

Proof. This follows from Lemma 5.9 applied to (5.13). Q.E.D. 

Note that the the class //eu^(TK(^#)) coincides with the microlocal Euler 
class of ^ already introduced by Schapira-Schneiders in [ScSn94]. 

6 Operations on microlocal Euler classes I 

In this section, we shall adapt to trace kernels the constructions of [KS12, 
Chap. 4 §3] and we shall show that under natural microlocal conditions of 
properness, the microlocal Euler class of the composition of two kernels is 
the composition of the classes. 

We use Notations 3.1 and we consider a trace kernel (K,u,v) on M 12 . 

Lemma 6.1. Let K be a trace kernel on M 12 . There are natural morphisms 
mD b (k Mll ); 

(6.1) k^^KMuf: 1 ®^), 
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(6.2) Ko(k A2 ^u As )^u Al 
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1J 

Proof (i) By Lemma 4.3 (ii) we have a morphism kA 13 — > k Al2 * (u>%~ Mk A3 ). 
By composing this morphism with kA 12 — > K, we get (6.1). 

L 

(ii) By Lemma 4.3 (i) we have a morphism tu Al2 °(kA 2 ^ ^3) — > w a 13 - By 
composing this morphism with K — > u Al2 we we get (6.2). Q.E.D. 

Let K be a trace kernel on M 12 with microsupport SS(if) contained in 
a closed conic subset A 112 2 of T*M 112 2 and let A 23 a closed conic subset of 
T*M 23 . We assume 

a 

(6.3) A1122 x <5^ M23 A 23 is proper over T*M 1133 . 
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We set 



(6.4) 



fA 12 :=A 112 2nri i2 M 1122 , 

All22o5r*M 2 3 A 23, 



A 



1133 •- 



A13 := A1133 n T^ i3 M 1133 = A12 o A 23 . 
We define a map 

(6.5) $ K : MH A23 (k 23 ) ► MH Al3 (ki 3 ) 

by the sequence of morphisms 



MH A2 3(k 23 )^Rr^ M23 A 2 3 



(T*M 2233 ; fj,hom(kA 23 ,tOA 2Z )) 



RT 5 « t A 23 (T*M 2233 ;/i/i 



om[uj, 



kA 3 ,kA 2 



-» Rr All33 (T*M 1133 ; nhom(K, K) o ah 



om(uj 



®-i 
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Iwa 8 )) 

L 

]k As ,k A2 Kw Aa )) 



^ 3 , «-A 2 
L 



— >• 



-)• 



Rr All33 (T*M 1133 ; nhomiKgflufc 1 B k Ag ), Jvo (k Aa El Wa ,))) 
r(T*M 1133 ; £t/iom(k Al3 , w Al8 )) -Mi Al3 (k 13 ). 



Here the first arrow is given by id^, the second is given by Proposition 3.2, 
and the last arrow is induced by the morphisms in Lemma 6.1. 
The next result is similar to [KS12, Th. 4.3.5]. 

Proposition 6.2. Let A m2 C T*Mu 2 2 and A 23 C T*M 23 be closed conic 
subsets satisfying (6.3) and recall the notation (6.4). Let K be a trace kernel 
on M\2 with microsupport contained in Arm- Then the map $# in (6.5) is 
the map /j,eu Ml2 (K) o given by Corollary 4-5. 

Proof. By using the morphism k Al2 — > K, we find the commutative diagram 

below: 



Rr A 23 (T*M 22ZZ ; / u/iom(k A23 , w A23 )) *- RT Al3 (T*M 1133 ; fihom{k Al2 * k A23 , k Al2 ° w A23 )) 



R r Ai U :, { T * A/ ii33 ; l-ihom{K * k A23 , K o w A23 ) ) -* Rr Al3 (T*Mn 33 ; fihom{k Al2 * k A23 , K o w Aa3 ) ) 



22 — 22 



22 " 22 
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By using the morphism K — > u; Al2 , we get the commutative diagram 

RT A23 (T*M 2233 ; fJ-hom (k A23 , w A23 )) rt Ai3 (T*M U33 ; ,uftora(k Al2 * k A23 , w Al2 »%)) ■ 

(6.6) 

R r A 1133 (T*M 1133 ; [ihom(K * k A23 , K o w A23 )) 
Recall the morphisms in Lemma 4.3: 

L L 

(6.7) WAl2 o(k Aa B a; a 3 ) ->• w Al3! kA 13 -> k Al2 * (wf , B k As ). 

We get the morphisms 

w : Rr5 T*iu 13 A i3 ( T * M n3s; nhom(k Al2 * k A23 , u Al2 owaJ 

^ RT^ Mis A:3 (^M 1133 ; /i/iom(k Al2 * (a;®; 1 1 k As ), u Al2 o (k Aa I w As ))) 

-> Rr 5 a^ igAl3 (T*Mii33; / u/iom(k Al3 ,a; Al3 )). 

By its construction, the morphism /xeu Ml2 (A) o is obtained as the com- 
position with the map w of the top row of the diagram (6.6). Since the 
composition with w of the two other arrows is the morphism $^, the proof 
is complete. Q.E.D. 

The next result is similar to [KS12, Th. 4.3.6]. 

Let i — 1,2, j — % + 1 and let Aujj be a closed conic subset of T*Mujj. 
Assume that 



a 

(6.8) A1122 x A2233 is proper over T*M 1 
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133- 



Set Ai 133 = A1122 o A2233 and Ay = A Ujj n T A M ii:jj . 

22 •* 

Theorem 6.3. Let Kij be a trace kernel on My with SS(Ay) C Aujj. A 

~ L L 

same (6.8), sei A" 23 = u/g" 1 o A 23 ~ (uf^ 1 Kl k 233 ) ® A and sei A 13 



A12 o A23. Then 
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(a) A13 is a trace kernel on M13, 

(b) ^eu Ml3 (A 13 ) = ^eu Ml2 (Ai 2 )o^eu M23 (A 23 ) as elements o/MH^ 13 (ki 3 ; 



2 
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(c) In particular, we have $# 12 o $^ 23 ~ $ Xl3 . 
Proof, (a) The trace kernel K 2 3 defines morphisms 

L ~ L 

UJ%- 1 m k A3 -)• K 23 "^ k A2 B CU A3 . 

Assuming (6.8) and using (6.1) and (6.2), we get that Ki 3 = K\ 2 o K 23 is a 
trace kernel on M\ 3 . 

(b) We get a commutative diagram in which we set A23 = /ieu M23 (K 23 ) e 
MH°(k 23 ) ~ Horn (w?" 1 I k A3 , k A2 I w A3 ): 



k Al 



-/<- 12 *K- ] 



A 2 3 




-Ki 2 o(k A2 Ku; A3 ; 



"*" Kl2 22 "^ 23 



■*WAi 



The composition of the arrows on the bottom is fiB\x Ml AK\^ and the com- 
position of the arrows on the top is $^- 12 (/xeu M23 (A' 2 3)). Hence, the assertion 
follows from the commutativity of the diagram by Proposition 6.2. 
(c) follows from (b) and Proposition 6.2. Q.E.D. 



7 Operations on microfocal Euler classes II 

We shall combine Theorems 4.6 and 6.3 and make more explicit the opera- 
tions on microlocal Euler classes for direct or inverses images. In particular, 
applying our results to the case of constructible sheaves, we shall recover the 
results of [KS90, Ch. IX §5]. 

Let M be a manifold and let i : N <->■ M be closed embedding of a smooth 
submanifold N. If there is no risk of confusion, we shall still denote by k^ 
and un the sheaves t*kjv and l*ujn on M. Then k^ is cohomologically 
constructible and moreover 



Dm^n = RJ^bm(kjv, wm) 



oj n . 
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Hence, TK(kTv) = k^v Kl un is a trace kernel on M. 

Let Mi be a manifold (i = 1,2), let -ft^ be a trace kernel on Mi and let 
Ajj be a closed conic subset of T*Mn with SS(-fQ) C An. We set 

For a morphism of manifolds /: Mi — >• M 2 , we denote by T^ its graph, a 
smooth closed submanifold of M 12 and we set for short 

A ; :=T* f (M 12 ), /= (/,/): M u -+ M 22 . 
Recall the diagram (2.1) 




Note that 



An S A 7 = /^ ^n , A j| A 22 = / d /; X A 



L22- 



In the sequel, we shall identify Myin with Mn 22 . We take as kernel the sheaf 
TK(k r/ ). Then 

L L L 

(7.1) TK(k r/ ) = k r/ M u Tf ~ k r ~ <g> (ki M ui El k 22 ) 

L L L 

~ w Al o((cjf~ 1 Ka;iKk 22 ) (8)k r -). 

Moreover, we have (see (5.9)): 

/^u Ml2 (TK(k r/ )) = /ueu Ml2 (k r/ ). 
Also note that 

R/J^i ~ Kx o k r ~, f- 1 K 2 ^ k r , o K 2 . 

11 / / 22 
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External product 

Applying Theorem 4.6 with M 2 
commutative diagram 



pt and M 3 being here M 2 , we get the 



jt#e Kx (k Ml ) m jm> A2 (k M2 ) i^ Al xA 2 (k Ml2 ) 



RTAifaiwAfi) E RTAaC^WWa) ~ 



RrAjxA^TT^^M^) 



i Ml u/ Ml ; ^xlj.a 2 V , M2 U/ ^2 

and taking the global sections and the 0-th cohomology, 



MH Ai (k Ml )®MH A2 (k M2 ) 



-MH AixA2 (k Ml2 ; 



Hl(T*M i; tt m > Mi ) ® Hl(T*M 2 ; tt^mJ -=^ iJ AixA2 (T*M 12 ; *£>*„). 
Applying Theorem 6.3, we obtain 

L 

Proposition 7.1. TTie object K\ M K 2 is a trace kernel on M 12 and 

L L 

^eu Ml2 (J^i MK 2 ) = neu Ml (Ki) M fj,eu M2 (K 2 ) . 

Direct image 

Let /: Mi — > M 2 and Tf be as above. Applying Theorem 4.6, we get the 
commutative diagram 



^J^f{k Ml ) o ^Jf?(k Ml2 



^Mi UJ M 1 O^M 12 ^M 12 



JZM{k 



M 2 j 



Km 2 ^m 2 - 



Now we assume 

(7.2) / is proper on Ai ClT^ Mi, or, equivalently, f n is proper on f d ^ 1 A 1 . 
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We set 

/,(A 1 ) = AioA / = A(/- 1 (A 1 )). 

Taking the global sections and the 0-th cohomology of the diagram above, 
we obtain the commutative diagram: 

o/jcu(kp ) 

MH Al (k Ml ) '- ^MH} MAi (k M J 



o/icu(kr f ) 

Hl(T*M 1 ; ^}u Ml ) U H° UAi (T*M 2 ; v£u> Ma ). 

We have natural morphism and isomorphisms, already constructed in [KS90]: 

->■ ir M \uJM 2 - 
It induces a morphism: 

Lemma 7.2. Lei A G # Al (T*Mi; 7rjgw Wl ). T/ien A o //eu Ml2 (k r/ ) = / M (A). 

Proposition 7.3. Assume that f is proper on An fl T^ f Mu. T/ien the 
object Rf\Ki is a trace kernel on M 2 and 

//eu M2 (R/^:i) = fieuM^K^ofieuM^ikr^ 

L L L 

Proof. Note that //eu Ml2 (k r/ ) = /ueu Ml2 ((wf - 1 Mu t M k 22 ) <g> TK(k r/ )) by 

Proposition 5.3. We have R/^ ~ K x o (a;®- 1 o((a;f" 1 K^ 1 Kk 22 )®TK(k r/ )) 

It remains to apply Theorem 6.3 in which one replaces Mi,M 2 ,M3 with 
pt, Mi, M 2 , respectively. Q.E.D. 
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Inverse image 

Let /: Mi — > M 2 and Tf be as above. Applying Theorem 4.6, we get the 
commutative diagram 



MM^ Mx2 ) o ^J^k Ah ) JWSQlmu 



*M vi UMi3°'KM i UM* 



^T^M 1 UJ M 1 - 



Now we assume 



,- „s / is non characteristic for A 2 , or, equivalently, fd is proper on 
(7.3) ; _ 1A2 

We set 

/"(A a ) = A / oA 1 = / d (/" 1 (A a )). 

Taking the global sections and the 0-th co homology of the diagram above, 
we obtain the commutative diagram: 



Me° 2 (k M2 ; 



A«eu(k r/ )o 



■MH? MA2 (k Ml ) 



/^eu(kr f )o 

Hl(T*M 2 ; nj* UMa ) '-+ H% A2 (T*M i; *£*>*). 

We have a natural morphism constructed in the proof of [KS90, Prop. 9.3.2]: 

Hence, we get a map: 

f 1 : RT A2 (-K^ 2 UJm 2 ) -> R-r/MAafei^Mi)- 

Lemma 7.4. Let A E H° Ai (T*M 2 ; tt^WmJ- T/ien /ieu A/l2 (k r/ ) o A = /"(A). 
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Proposition 7.5. Assume that f is non characteristic with respect to A 22 . 

l l ~ 

Then the object (ki IE u Ml / M2 ) <8> / AT 2 zs a irace kernel on Mi and 

fxeu Ml (w Al o /-^wfj 1 o A' 2 )) = /xeu Ml2 (k r/ ) S //eu M2 (AT 2 ) 

Proof. Applying Theorem 6.3 with M 3 = pt, we get that 

(k a I u Ml /M 2 ) ® f" 1 ^ ~ TK^) o (w®" 1 o(a; 2 I a;®" 1 ) ® ^2) 

L L 

is a trace kernel. Since euM 2 ((^ 2 Kl wf" 1 ) ® A" 2 )) = fj,eu M2 (K 2 ) by Proposi- 
tion 5.3, we obtain the result. Q.E.D. 

Tensor product 

Consider now the case where Mi = M 2 = M and the A;;'s satisfy the 
transversality condition 

(7.4) A u nA» 2 cT; xM (MxM). 

Then by composing the external product with the restriction to the diagonal, 
we get a convolution map 

(7.5) *: MH Al (k M ) x MH Aa (k M ) -+ MI Al+A2 (k M ). 
Applying Propositions 7.1 and 7.5, we get: 

L L L 

Proposition 7.6. Assume (7.4). Then the object K\ <g> (k M M uff) <8> K 2 
is a trace kernel on M and 

L L L 

(jmi m (Ki <g> (kjwr B< )®K 2 ) = nevL M (K x ) * fxeu M (K 2 ). 

Following [ScSn94, II Cor. 5.6], we shall recall the link between the prod- 
uct * and the cup product. 

Proposition 7.7. Let A* G H%.(T*Mn n^u M ) (i = 1,2), and Ai nA^C 
T^M. T/ierz 

(7.6) (Ai*A 2 )|^= / (AiUA 2 ) 
as elements of H £ (AinA2 ) (M; u; M ) • 
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Proof. Denote by 5 : Am- M 12 = M x M the diagonal embedding and let us 
identify M with A. Consider the diagram 

(7.7) T* A M 12 —^ A x Ml2 T*M 12 

5 d 

^T*A 



where n is the projection, 5a is the map associated with 5, s is the zero- 
section embedding and / is the restriction to A Xm T*Mi 2 of the embedding 
T^M\2 '->■ T*M 12 . Since this diagram is Cartesian, we have 

s~ l 5 d < ^-Kif' 1 . 

Now let Ai x A 2 6 Hl ixA2 (T*Mi2] 7T~ 1 u)m 12 ) an d denote by Ai x M A 2 its image 
by the map 

HI xA2 (T*M 12 ;tt- 1 u Mi2 ) -> < XmA2 (A x Ml2 T*M 12 ; tv' 1 u Mi2 ). 

(Here, on the right hand side, we still denote by n the restriction of the 
projection tv Mi2 to A x A ,/ 12 T*Mi 2 .) Then 



(A1UA2) = nif~ 1 (X 1 X M A 2 ), 

(A 1 *A 2 )|m = s _1 ^i(Ai x M A 2 ). 

Q.E.D. 

Corollary 7.8. Let K\ and K 2 be two trace kernels on M with SS(Aj) C A^. 
Assume (7.4) and assume moreover that Supp(Ai) D Supp(A 2 ) is compact. 

. L L L . 

Then the object RT(M x M; K x <g> (k M ^ w^ ) <g> A 2 ) zs a trace kernel on pt 
and 

eu pt (RT(M; A x I (k M I w®" 1 ) | A' 2 ) = / Ateu(Ai) U / ueu( A^ 2 ) . 

Jt*m 

Remark 7.9. Let M be a real analytic manifold and let F G D^_ c (kjw). 

L 

Recall that one associates to F the trace kernel TK(F) = F^DmF and that 
/xeu M (F) = /ieu M (TK(F)). Assume now that /: M 1 — >■ M 2 is a morphism 
of real analytic manifolds. 
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Let F\ G Dj^kA./J and assume that / is proper on Supp(Fi). Applying 
Proposition 7.3 and noticing that 

(7.8) R^TK(F 1 )~TK(R/,F 1 ), 

we find that /ieu(R/iFi) = / M (/ieu(Fi)). It is nothing but [KS90, Prop. 9.4.2]. 

Let F 2 G Djg_ c (kM 2 ) an d assume that / is non characteristic with respect to 
F%. Applying Proposition 7.5 and noticing that 

TK(/" 1 F 2 ) ~ (k x k u Ml/M2 ) ® J^ 1 TK(F 2 ), 
we find that fieu(f~ 1 F 2 ) = / /i (/ieu(F 2 )). Hence, we recover [KS90, Prop. 9.4.3]. 



8 Applications to ^-modules and elliptic pairs 

As an application of Theorem 6.3, we shall recover the theorem of [ScSn94] 
on the index of elliptic pairs. In this section, X is a complex manifold, k = C, 
./# is an object of D^ oh (^ x ) and F is an object of Dj^_ c (Cx)- 

Recall that we have denoted by TK(F) and TK(^#) (see Notation 5.10) 
the trace kernels associated with F and with ^#, respectively: 

TK(F) := FMB X F, 
TK(^) := n XxX ® &xxx (^®P®^)- 

The pair (~df, F) is called an elliptic pair in loc. cit. if char(«/#) fl SS(F) C 
T X X. From now on, we assume that (^#, F) is an elliptic pair. 

It follows from Proposition 7.6 that the tensor product of TK(F) and 
TK(^#) shifted by —2d x is again a trace kernel. We denote it by TK(^#, F). 
Hence 

(8.1) TK(J?,F) -VL XxX ® 0/) (J'P^j^lFKD^F). 

•&X x X 

Moreover the same statement gives: 

(8.2) fieu x (TK(^,F)) = /ieu x (^) •//eu x (F). 
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We set 






(8.3) 


Sol(^#,F):: 


= RHom^ x (^# (8) F, ^ x ), 


(8.4) 


DR(^T,F): 


= Rr(X;fi x ®* r ^®F)[dx 



As explained in [ScSn94], Theorem [KS90, Th 11.3.3] and isomorphism (2.7) 
provides a generalization of the classical Petrovsky regularity theorem, namely, 
the natural isomorphisms 

(8.5) Rjebmg x {Jff, B' X F <g) X ) ^> R^om 6Jx (J? <g) F, X \ 

Now assume that Supp(^) fl Supp(F) is compact and let us take the global 
sections of the isomorphism (8.5). We find the isomorphism 

(8.6) RRom &x (^,D' x F®^ x ) ^> BHom Sx {^ <g> F, G x ). 

It is proved in [ScSn94] l that one can represent the left hand side of (8.6) by 
a complex of topological vector spaces of type DFN and the right hand side 
of (8.6) by a complex of topological vector spaces of type FN. It follows that 
the complexes Sol(^#, F) and DR(^#, F) have finite dimensional cohomology 
and are dual to each other. More precisely, denoting by (•)* the duality 
functor in D^(C), we have 

(Sol(^r,F))*~DR(uT,F). 

It follows from the finiteness of the cohomology of the complexes Sol(^#, F) 
and DR(^f , F) that 

RT(X xX;TK(^,F)) ~ Sol(^T, F) ®DR(^T,F). 

One checks that this isomorphism commutes with the composition of 
the morphisms C ->■ Rr(X x X\TK(J?,F)) -» C and C -> Soh>f,F) <8) 
DR(^#, F) — >• C, which implies 

(8.7) eu pt (RT(X x X; TK(^T, F)) = x(Sol(^T, F)) . 

Therefore, one recovers the index formula of loc. cit. 

/00 , x(RHom^ x (^®F,^ x )) = f x (/ieu x (^)*Lieu x (F))\ x 
(8.8) 

= J T , x /ieu x (^f)U/ieu x (F). 



1 In fact, the finiteness of the cohomology of this complex is only proved in loc. cit. 
under the hypothesis that ./# admits a good filtration, but this hypothesis may be removed 
thanks to the results of [KS96, Appendix]. 
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Remark 8.1. In general the direct image of an elliptic pair is no more an 
elliptic pair. However, it remains a trace kernel. 

Remark 8.2. As already mentioned in [ScSn94], formula (8.8) has many 
applications, as far as one is able to calculate /j,eu x (^) (see the final remarks 
below). For example, if M is a compact real analytic manifold and X is a 
complexification of M, one recovers the Atiyah-Singer theorem by choosing 
F = D'Cm- If X is a complex compact manifold, one recovers the Riemann- 
Roch theorem: one takes F = Cx and if & is a coherent €?x-niodule, one 
sets <£ = @x ® ffx &■ 

9 The Lefschetz fixed point formula 

In this section, we shall briefly show how to adapt the formalism of trace 
kernels to the Lefschetz trace formula as treated in [KS90, § 9.6]. Here we 
assume that k is a field. 

Assume to be given two maps f,g:N^-Moi real analytic manifolds, 
an object F G D^_ c (kM) and a morphism 

(9.1) V :.f- l F^g'F 

Set 

h=(gj): N x N ^ M x M, 

S = Supp(F), L = h-\A M ) = {(x, y) e N x N ■ g(x) = f(y)} , 

v. L M- N x N, 

T = f-\S)ng- 1 (S). 

One makes the assumption 

(9.2) The set T is compact. 
Then we have the maps 

RT(M;F) ^RTf-isiN-J^F) ^RT T (N;g l F) ^RT(M;F). 
The composition gives a map 

(9.3) [ <p: RT(M;F)^RT(M;F), 
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and this map factorizes through Rl~V(iV; #• F) which has finite-dimensional 
cohomologies. Hence, we can define the trace tr(f (p). 
We have the chain of morphisms 

k N ->■ Rjeom(g- F,g l F) 

^ RJfom(r 1 F,g l F)~5' N (g l FkD N r 1 F) 

~ 8 ] N (g l Fkf l D M F~6 ] N h ] (Fkl) M F). 

We have thus constructed the morphism 

k AN ^h l (FMB M F). 

L 

By using the morphism FKID^./F — > ua 4/ and the isomorphism h~ WA a 
i*u)L, we get the morphisms 



VM 



(9.4) k Ajv -> fc ! (F I D M F) -> 2,w L 

in D b (kAr xA r). The support of the composition is contained in 5n(T) fl L. 

Theorem 9.1 ([KS90, Proposition 9.6.2]). The trace tr( f cp) coincides with 
the image of 1 G k by the composition of the morphisms 

k ->■ RT(N, k N ) -> Rr c (L, w L ) -> k. 

Here the middle arrow is derived from (9.4). 

Although (9.4) is not a trace kernel in the sense of Definition 5.1, it should 
be possible to adapt the previous constructions to the case of ^-modules and 
to elliptic pairs, then to recover a theorem of [Gu96] but we do not develop 
this point here (see [RTT12] for related results). 

Final remarks 

The microlocal Euler class of constructible sheaves is easy to compute since 
it is enough to calculate some multiplicities at generic points. We refer 
to [KS90] for examples. 

On the other hand, there is no direct method to calculate the microlocal 
Euler class of a coherent fF- module ^ (except in the holonomic case). In 
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[ScSn94], the authors made a precise conjecture relying yU,eu x (^#) and the 
Chern character of the associated graded module (an £?V»x-Hiodule), and this 
conjecture has been proved by Bressler-Nest-Tsygan [BNT02]. 

Similarly, the Hochschild class of coherent /^-modules is usually cal- 
culated through the so-called Hochschild-Kostant-Rosenberg isomorphism, 
but this isomorphism does not commutes with proper direct images, and a 
precise conjecture (involving the Todd class) has been made by Kashiwara 
in [Ka91] and this conjecture has recently been proved in the algebraic case 
by Ramadoss [Ra06] and in the general case by Grivaux [Gr09]. 
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